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Abstract

In this paper, another class of admissible perturbations of special
expression My = >, ct®*DP* in the weighted space £2([1,00)) is
being presented. This perturbation is denoted by M; and is different
from what has been presented in [3] and the one published [2]. In this
work, it will be shown that the operator w%le_i is an admissible per-
turbation of My in the non-weighted space £2([1,00)), and eventually
preserves the essential spectrum of My in that space. The discussion is
limited to special expressions with a; < p1.
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1 Introduction

Consider the differential expressions in £2[1,00) of the form

T

M, =) et DP" (1)

k=0
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where ¢, € C and D; = % with
i) pr € N for every k, such that
O=po<pr<---<p=n (2)
ii) ay € R for every k, satisfying
ap =0 and ay < py, (3)

and

O — 01 Apy1 — Ok
1> > b

T Pk = Ph-1 Prl— Pk

(4)

fork=1,...,r—1if r > 1. If we denote by 01 < g5 < --- < 0,1 those indices
k(k =1,2,...,r—1) for which the strict inequality holds in (4) and with oy = 0
and o, = r, we have

Oéaj - an—l o Qp — 01 (5)

pO']' - paj_1 Pk — Pk—1 ’

foro;1 <k<o;,j=1,.,sifs>1, and

= Qg Qg — Qg
J J > J J (6)
Po; = Poj_4 Pojr1 = Po;

for yj =1,...,s — 1if s > 2. The special expression My, its essential part, and
the polygonal path it generates are defined as follows (cf. [5]).

Definition 1.1. A special expression M, is a differential expression of
the form (1) where py and oy, satisfy (2), (3) and (4) and the coefficients ¢, € C

satisfy the properties that for k =0, ... ,01—1, ¢ may be an arbitrary complex
constant and for k =oq,...,7,

cr € C\ {0},
and

Z (—=1)P*%¢csen >0

pstpr=20
0;<6, A<t

where 0 = P,y Poir, © = 1,...,5 — 1. The indices oy,... ,0, are called
kink indices. The essential part of My is given by

o1

Moo = ) cxt™D*. (7)

k=0
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The special expression M, can be visualized graphically. Plot the points
(pr, o) and (pgi1, apy1) in R? where k = 0,1,... ,r. If we connect the points
(pr, i) and (pra1, agr1) by a line, the resulting graph is called the polygo-
nal path generated by M,. If the slope of the line connecting the points
(Po;_1s o,y ) and (py,, @) is denoted by m,, (i =1,...,s), then

1>me >mgy, > >my,.

Hence the polygonal path generated by Mj lies on or below the bisectrix.
Furthermore, the polygonal path generated by Mg can be associated by the
function v : [0,n] — R defined by

V(k) = % {(k - pai)aai+1 + (pU¢+1 o k)adi} (8>
Poiv1 — Po;
for k € [po,: poiya], 1=0,1,2,...,5 — 1.
Schultze[6] evaluated the essential spectrum of M, and showed that the
essential spectrum of the essential part of M, and the essential spectrum of
M, are indeed equal. In short, he had the following result for a; < py:

Theorem 1.2. Let My be a special expression. Then, for ay < pq,

0e(Mg) = 0c(Mgo) = {>_az’ | Rez = 0}. (9)

Also, in the usual £%-space, a different class of perturbations, called ad-
missible perturbations of special expressions My was determined by Mumpar-
Victoria [4] in her paper, and was shown to preserve essential spectrum.

Definition 1.3. Let M be a differential expression of the form

[y

M = S a(t)DL. (10)
l

I
o

We say that M is an admissible perturbation of the special expression Mg
if there exists a B such that the coefficients a;(t) satisfy the following

z+1
t
sup / al( )
[z,24+1]CI J z

bi(t)
where a;(t) € C'(1) for 1 =0,...n—1 and 0 < by(t) is an auxiliary function in
C>(1) satisfying

2
dt < B (11)

bi(t) = otV and bi(t) = o(t"V) (12)

ast — 00.
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Theorem 1.4. Let My be a special expression and M an admissible per-
turbation of My of the form (10) satisfying (11) and (12). Then

(Mo + M) = 0,(M).

2 The Weighted £*-Space

The results of Schultze were generalized in the weighted £2-space by Agapito
[1]. In this section we recall this space and present some of Agapito’s results.

Definition 2.1. Suppose the function w : [1,00) — (0,00) is measurable.
The space L2 (1) of weighted square integrable functions over I = [1,c0)
1s defined by

L2(1) = {f:I—>(C

f is measurable and /|f(t)]2w(t)dt < oo},
I

with inner product given by
(19). = [ FOgBwa
I

for any functions f,g € L2(I). L2(1) is commonly known as weighted L3-
space with w as the weight function.

Remark 2.2. [t is easy to show that space L2(I) together with the inner
product < -, - >, is a Hilbert space. Furthermore, one can show that L*(1) is
equivalent to L2(1) under the isometry W : L2(1) — Lo(1) given by W f =
w3 f-

In this work, we consider weight functions w : [1,00) — (0, 00) that satisfy
the following conditions:

Ay) we C=([1,00)).
Ay) tk“:fk) =0() for k=1,2,... ,n.

A property of the weight function that is significant to our work is the
following;:

Lemma 2.3. Ifw : [1,00) — (0,00) satisfies (A1) or (Az) then so does
w®, for any a € R.

3 Main Results

A new class of admissible perturbations of special expressions in the weighted
space has been identified and it is of the form

M; = Y a(t)D! (13)
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satisfying the following conditions:

AP,) For every i > [,

where a;(t) € C'(1), 1= [1,00), 1 =0,1,... ,n — 1; and

AP,) There exist auxiliary functions b;(¢) such that
al(t)
bi(t)
where 0 < by(t) € C=([1,00)) for all [ and b;(t) = o(*""*V) and b(t) =

o(t"W) as t — oo.

is bounded

It shall be presented in this work that if the weight function w satisfies
A; and Ay, and M; is an admissible perturbation of My in £2(I) presented
above, and that a; < pp, then w%le_% becomes an admissible perturbation
of My in £%(I). Furthermore, w%le_% preserves the essential spectrum of
the special expression My in £2(I). This is the main result of the study.

Theorem 3.1. Let My be a special expression of the form (1) with oy < py.
Let My having the form (13) that satisfies (APy) and (AP3y) be an admissible
perturbation of My in L2([1,00)). If w satisfies Ay and Ay, then wiMyw™
is an admissible perturbation of My in L£2([1,00)). In addition, w2 Mjw™
preserves the essential spectrum of My in L*([1,00)).

N[= N

Proof. Consider the admissible perturbation M; = 1_0 a)(t)D! of My pre—
sented above. By definition of that perturbation, a;(t) € C'(I),1 =0,1,... ,n—

1. Also, this implies that is bounded. Hence, there exists an S such that

b (t)

We first note that w%M w2 is an operator that can be transformed as
follows:

l
Mty = WS awiy)® = Z(i)‘””%(” e
'—o 1=0 =0
n—1 n—1 l
- (S (1))
=0 =i
n—1 n—1 .
- S (S (1) estirie)e
=0 i=l
n—1
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where
n—1

R,(t) = Z ( ; ) w? (w™2) 0,

1=l

To show that w%le’% is an admissible perturbation of My in L5(I), we need
to show that Definition 1.3 is satisfied. Equivalently, we need to present that
there exists a B > 0 such that

Ry (t)

z+1
sup /
[z, xz+1]CT J 2 Sl(t)

where R,(t) € CY(I) for all [ = 0,1,... ,n— 1 and 0 < Sy(t) is an auxiliary
function in C*(I) satisfying

2
dt < B

Si(t) = o(t"* D) and S)(t) = o(t"D).

Note that by APy, a;(t) € CY(I) for [ = 0,1,... ,n — 1. Since w satisfies
Ay, we can claim that w € C°(I). This implies that w2 and w2 are elements
of C*(I) by Lemma 2.3. In particular, w € C'(I) and w2 € C!(I), for | =
0,1,...,n — 1. Therefore, Ry(t) € CY(I) for I =0,1,... ,n — 1.

Now let Sy(t) = w2bw™2 = by(t). Since 0 < b, € C=(I), so is S|. Clearly,
Si(t) = o(t?1*Y) and Si(t) = o(t”W) because b(t) = o(t?*V) and b(t) =
o(t"®). Thus, there exists an auxiliary function Sy(t).

2
Next, we evaluate )IS{IZ((E)) as follows:
; 2
£ (1) et ORI
R(t) [’ P! < J2 Yoy ai(t)ws (w™2)6h
Si(t) bi(t) bi(t)

where .J = sup;<;<,, {( ; )} Using the triangle inequality and (AP;) we

can simplify the above statement as follows, where A is constant.

R, (1) [’ Sa®) @ HE[ 2 A @ Heo [
S 3] ot il S |
S](t) i bl(t) w2 i bl(t) w2
n—1 . N 2 n—1 1. (;
(") (w2)0Y a ()t (w2)th
— 242 a( 1 — J2A2 :
; b(t)  we ; b(t)  woe
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Finally, by using Lemma 2.3 and condition (AP5) we obtain the following:

a; (t)
bi(t)

2 n—1
< J?A%N? —
B ; bi(t)

< JPA’N?*(n —1)2S%

2

= J2A’N%(n — 1)

2

R;(t)
Si(t)

ay (t)

Hence, we have shown that

R(t) |’
Si(t)

This means that there exists a constant B = J?A?N?(n — [)2S? such that

JPAPN?(n —1)2S%.

2

R, (t)
Si(t)

Integrating both sides over the interval [z, z + 1], we obtain the following:

/x+l
T

Consequently, taking the supremum of both sides over the interval [z, x + 1]
Ry(?)

C [1,00), we have
r+1
sup /
[z,x4+1]Cl Jz Sl(t)

where B = J?2A?N?(n — [)2S?. Therefore, w?Miw™? is an admissible pertur-
bation of My in £2([1,00)). Furthermore, we have shown that

R;(t)
Si(t)

2 x+1
dtS/ B dt = B.

2

dt < B,

which is obiously an admissible perturbation of the form (10). Surprisingly,
wrMiw™? satisfies (11) and 12. We therefore conclude, using Theorem 1.4,
that the essential spectrum of M is preserved under this kind of admissible
perturbation in £2-space. In short, we have also proven the following claim:

oe(Mp + w2 Myw™?) = g (M).
0
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